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Abstract 

In this paper, we prove the existence and uniqueness of the solutions for the 2D viscous 
shallow water equations with low regularity assumptions on the initial data as well as the 
initial height bounded away from zero. 

1 Introduction 

In this paper, we study the 2D viscous shahow water equations with a more general diffusion 
ht + div{hu) = 0, 

h{ut + u-Vu)-uV- {hD{u)) - z^V(Miv(n)) + hVh = 0, (1.1) 
^ u(0, •) = no, /i(0, •) = /lo, 

where h{t, x) is the height of fluid surface, u{t, x) = (ui(t, x), U2(t, x)) is the horizontal velocity 
vector field, D{u) = ^(Vu -|- Vu*) is the deformation tensor, and > is the viscous 
coefficient. If the diffusion terms in (jl.ip are replaced by —vV ■ (hVu), then (jl.ip turns into 
the usual viscous shallow water equations. 

Recently, the viscous shallow water equations have been widely studied by Mathemati- 
cians, see the review paper [4] . Bui [5] proved the local existence and uniqueness of classical 
solutions to the Cauchy-Dirichlet problem for the shallow water equations with initial data ho, 
uq in Holder spaces as well as /iq bounded away from vacuum. Kloeden[T7] and Sundbye[20j 
independently proved global existence and uniqueness of classical solutions to the Cauchy- 
Dirichlet problem in Sobolev spaces. Later, Sundbye|21j also proved global existence and 
uniqueness of classical solutions to the Cauchy problem. However, for all above results (ex- 
cept [5]), the authors only consider the case when the initial data ho is a small perturbation 
of some positive constant fiQ and uq is small in some sense. Very recently, Wang and Xu[23) 
proved the local well-posedness of the Cauchy problem in Sobolev spaces for the large data 
Uq and ho closing to Jiq. More precisely, they obtained the following result. 

Theorem 1.1 (2^ Let Tiq be a strictly positive constant and s > 2. Assume that 

(i) (no,/io-/io) e^'(R')^^'(R'); 
(a) \\ho - hoWn" < ho- 
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Then there exist a positive time T and a unique solution {u, h) of such that 
u, h-ho e L°°{[0,T],H'), £ L^{[0,T];H'). 



(1.2) 



Moreover, there exists a strictly positive constant c such that if 



uqWh" + \\ho - /iolk« < c, 



(1.3) 



then we can choose T = +00. 

One purpose of this paper is to study the well-posedness of (jl.ip for the initial data with 
the minimal regularity. For the incompressible Navier-Stokes equations, such research has 
been initiated by Fujita and Kato[16], see also [6l El |T8] for other relevant results. They 
proved local well-posedness for the incompressible Navier-Stokes equations in the scaling 
invariant space. The scaling invariance means that if {u,p) is a solution of the incompressible 
Navier-Stokes equations with initial data uq{x), then 



is also a solution of the incompressible Navier-Stokes equations with uq^x — Ano(Ax). Obvi- 
ously, if2~^(R'^) is a scaling invariant space under the scaling of ()1.4p . i.e. 

II^^aII ■ <i 1 = \\u\\ . d , . 
II All^^_l II ll^^-l 

The equations (jl.ip have no scaling invariance like the incompressible Navier-Stokes equa- 
tions. However, due to the similarity of the structure between (jl.ip and the incompressible 
Navier-Stokes equations, we still solve (jl.ip for initial data whose regularity fits with the 
scaling of (jl.4p . It should be pointed out that R. Danchin was the first to consider the sim- 
ilar problem for the compressible Navier-Stokes equations, and some ideas of this paper is 
motivated by [IT] . 

The second purpose of this paper is to prove the local well-posedness of (jl.ip under more 
natural assumption that the initial height is bounded away from zero. For the initial data 
with slightly higher regularity, this can be easily obtained by modifying the argument of 
Danchin[13j. However, for the initial data with low regularity, his method is not applicable 
any more, since the proof of |13j relies on the fact that some profits can be gained from the 
inclusion map ^ L°° in the case of s > ^. For this reason, we have to introduce some 
kind of weighted Besov space E^{see Section 3) which is crucial to get rid of the condition 
that the initial height ho is close to Jiq. One important observation is that the norm of 
the solution is small for small time T. 

Before stating our main result, let us first introduce some notations and definitions. 
Choose a radial function ip € 5(R'^) such that 



Definition 1.1 Let k £ Z, the Littlewood-Paley projection operators and Sk are defined 



ux{t, x) = An(A^t, Ax), px{t, x) = A^p(A^t, Ax) 



(1.4) 




Here ipk{C) = ^{2~^0, k e Z. 



as follows 



Afe/ = <^(2-^D)/, Skf= J2 ^J-^' /ecS'(R'^). 



j<k-i 
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We denote the space Z'(R'^) by the dual space of Z(R'^) = {/ G 5(R'^); D'^f{0) = 
0; VcK € N"^ multi-index}, it also can be identified by the quotient space of S'(R'^)/T' with the 
polynomials space V. The formal equality 

f = ^^kf 

holds true for / G Z'CEV^) and is called the homogeneous Littlewood-Paley decomposition. 
It has nice properties of quasi-orthogonality: with our choice of if, 

A,Afe/ = if \j-k\>2 and A,{Sk-iAkf) = if \j - k\ > 4. (1.5) 
Definition 1.2 Let s E R, I < p,r < +00. The homogeneous Besov space Bp j. is defined by 

B;,r = {/ G ^'(R') : WfWBs < +00}, 



where 



for r < +00, 



kez 

sup2'''*||Afc/||p, for r = +oo. 
fcez 



U p = r = 2, 2 = H', and if d = 2, we have B^ ^ ^ L~ and 

||/||oo<C||/||^,^. 

We refer to [H [22] for more details. 

In addition to the general time-space space such as L^(0, T; i?* ,,), we introduce a useful 
mixed time-space homogeneous Besov space L'^{Bp^) which is initiated in [lOj and is used in 
the proof of the uniqueness. 

Definition 1.3 Let s G R, 1 < p,r, p < +00, < T < +00. The mixed time-space homoge- 
neous Besov space LTp{Bpq) is defined by 



where 



ks 



|Afc/(t)||^(it 



Using the Minkowski inequality, it is easy to verify that 

L?p{Blr) Q LP^{Bl^) if P<r and LP.{B'pr) Q LP^iB^r) 



if p > r. 



Next, we introduce a hybrid- index Besov space which plays an important role in the study 
of compressible fluids and is initiated in |1H [T2] . 
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Definition 1.4 Let s, a G R, and set 

k<0 k>0 

Let m = —[^ + 1 — s], we define 

5r(R'') = {/e5'(R'^): <+oo} if m<0, 

B'^'^'CR'') = {fe S'(R'')/rm : 11/11 5.,. < +00} z/ m > 0, 

where Vm denotes the set of polynomials of degree < m. 

Throughout this paper, we will denote B2 i by , and i?2"^ by B^'" . The following facts 
can be easily verified by using the definition of B'^'^: 

(i) 5^'« = %; 

(ii) If s < cr, then B'^"" = B^^ n SJ^. Otherwise, B"^"" = B^-^ + B^^^. 
Now we state our main result as follows. 

Theorem 1.2 Let Jiq be a positive constant. Assume that 

(a) ho > JiQ. 

Then there exist a positive time T and a unique solution (u, h) of ^1-1^ such that 

u€C{[0,T];B^)nL\0,T;B^), h - Tiq e C{[0,T]; B^^^) D L\0,T; B^'^), h>Ho. (1.6) 

Moreover, there exists a strictly positive constant c such that if 

IkollfiO + ||/lo - /lo 11^0,1 < c, (1.7) 

then we can choose T = +00. 

The structure of this paper is as follows. 

In Section 2, we recall some useful multilinear estimates in the Besov spaces . In Section 
3, we prove the existence of solution. In Section 4, we prove the uniqueness of the solution. 
Finally, in the Appendix, we prove some multilinear estimates in the weighted Besov spaces. 

Throughout the paper, C denotes various "harmless" large finite constants, and c denotes 
various "harmless" small constants. We shall sometimes use X < y to denote the estimate 
X < CY for some constant C . We denote || ■ ||p by the L^ norm of a function. 

2 Multilinear estimates in the Besov spaces 

Let us first recall the Bony's paraproduct decomposition. 
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Definition 2.1 We shall use the following Bony's paraproduct decompositionfsee fHW^) 

fg = Tfg + Tgf + R{f,g), (2.1) 

with 

Tfg = Y,Sk^if^k9 and R{f,g) = Y^ AJAk^g. (2.2) 

fceZ kGZ\k'-k\<l 

Next, let us recall some useful lemmas and multilinear estimates in the Besov spaces. 

Lemma 2.1 (Bernstein's inequality) Let I < p < q < +oo. Assume that f G S'ilV^), then 
for any 7 € Z'^, there exist constants Ci, C2 independent of f, j such that 

supp/ C {|^| < Ao2^} ^ \\dy\U < Ci2^'l^l+^'"(i-i)||/||p, 

supp/ C {A,2^ < lel < A22^} WfWp < C22-^'l^l sup Wd^fW^. 

W\=h\ 

The proof can be found in [S]. 

Proposition 2.2 If s > 0, /,5 G n L°°. Then fg £ B^n and 

||/<?||b= <C(||/|UII<7||b^ + ||5||oc||/||bO- (2.3) 

If Si, S2 < i such that si + S2 > 0, / G B^^ and g £ B^^ . Then fg G B^^^^^'i and 

<C||/||Bn||5|b=2. (2.4) 

// js| < ^, 1 < r < +00, / G -B|,, ,and g e B^ . Then fg G and 

Wfghs <C\\f\\ss \\g\\.. (2.5) 

IfsG (-f , f], / G i?^ and g G 4^^. T/ien /g G B'l and 

\\fg\\.^^ <C\\f\\B49\\B^^ ■ (2.6) 

//I < /Oi,P2,P < oo,s G (-f,f], / G L^^{B'), and g G LP?{B^-^). Then there holds 
where — + — = -. 

Pl P2 p 

Proof. For the sake of simplicity, we only present the proof of (12. 4p below, the others can 
be deduced in the same way (see also [3 EH]). By the Bony's paraproduct decomposition 
and the property of quasi-orthogonality (II. Sh . for fixed j G Z, we write 



^jif9)= E ^jiSk-ifAkg)+ Yl AjiSk-igAkf)+ E ^ji^kfA^g) 

|fc-i|<3 \k-j\<3 k>j-2\k-k'\<l 

^1 + 11 + III. 
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Thanks to the definition of Besov space B'^, we have 



= /' + //' + III'. (2.8) 

It suffices to estimate the above three terms separately. Using the Young's inequahty and 
lemma \2A] we have 



\\Aj{Sk-ifAkg)\\2<\\Sk-if\U\^k9\\2< \\Ak'f\\oo\\Akg\\2 

k'<k-2 

< 2'='^M|Afc'/|l22'='(i-^^)||A,9||2 

k'<k-2 

<\\fMAkg\\22^^-^-'^\ 
where we have used the fact si < | in the last inequality. Hence, we get 

j&Z \k-j\<3 

< ll/bn Yl 2~(^^+^^-i)^ j;2^^(^-+^)||A,+,5ll2 < \\fM9\\B^2. (2.9) 
\e\<3 jez 

Similarly, using the fact S2 < f , we can obtain 

Il'<\\fM9\\B'2. (2.10) 

Now we turn to estimate ///'. From Lemma |2. II and Holder inequality , it follows that 

\\A,{AkfAk'g)\\2 < 2^1||A,/Afe,<7ili < 2^ ||Afc/i|2i|Afc,<7l|2. 
So, we get by Minkowski inequality that for si + S2 > 

m' <^ 2(^^+^-1)^24 [ ^ Y ||A,/|b||A,,g|b) 

jez ^ k>j~2\k-k'\<l ' 

< ^ 2-(^^+^^)^ j;2^i(^-+^)||A,+J||2|bb=2 < (2.11) 

t>-2 j€Z 

Summing up (|2.8p - (j2.1ip . we get the desired inequality (|2.4p . ■ 

Proposition 2.3 (1) Let s > 0. Assume that F G VF/^*j,"^^'°°(R'^) such that F(0) = 0. Then 
there exists a constant C{s,d,F) such that if u £ D L°° , there holds 

\\F{u)\\bs <C{l + \\u\U)y^^+^\\u\\Bs; (2.12) 

and if u £ B2 oo ^ > ihere holds 

\\F{u)\\^s <C(l + ||n||oo)W+in||^. . (2.13) 

2,0c 2.0c 



(2)Assume that G G Wi^^^^'°° (IV^) such that G'(0) = 0. Then there exists a functions 
C(s, d, G) such that if < s < ^, u,v & si n L°° and u — v G , there holds 

\\G{u) - G{v)\\bs < Ci\\u\\o.,\\v\\oo)i\\u\\,+\\v\\,)\\u-v\\Bs; (2.14) 

_D 2 is 2 

and if \s\ < ^, u,v G n L°° and u — v G B2 oc ihere holds 

\\G{u) - G{v)\\^s < C{\\u\U ||Hloo)(||n|| . + II^L .)||n - v\\^s . (2.15) 

2,00 JD ^ _D 2,00 



Proof. We can refer to [21 [19] for the proof of (1). For (2), we refer to [IH I15j. For example, 
we write ^ 

G{u) - G{v) = {u-v) [ G'{v + r(n - v))dT, 



then it fohows from (j2.5p that for |s| < | 



||G(n)-G(^)||^ <C\\u-v\\^ \\G'{v + T{u-vm^i, 

2,00 2,00 JD 2 

which together with ()2.12p imphes (12.150 



Proposition 2.4 Let A be a homogeneous smooth function of degree m. Assume that < 
■51,^1,52,^2 ^ 1 + f ; Then there hold: if k>l, 

\iA{D)Akiv-Vf),AiD)Akf)\ 
<a,2-'(^--"^^\\v\\^,^MB...sJA{D)A,fU (2.16) 

and if k <0, 

\{AiD)Ak{vVf),AiD)Akf)\ 
< a,2-'=(^--) ||^;||^.^, 11/11 5.,,., \\AiD)A,fh, (2.17) 

and if k > 1, 

\{A{D)Ak{v ■ V/), Akg) + {Ak{v ■ Vg), A{D)Akf)\ 
<a,\\v\\^,^,i2-''-\\g\\g,^,JA{D)A,f\\2 + 2-^^^^^^ (2.18) 

and if k < 0, 

\{A{D)Ak{v ■ Vf),Akg) + {Ak{v ■ Vg), A{D)Akf)\ 
<aM^,^,{2-'''^\\g\\g,,,JA{D)A,f\\2 + 2-''^^^^^^ (2.19) 

where Ofc ^ 1- 

fcGZ 

For the proof we refer to |12j . 
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3 Existence 



In this section, we prove the existence of the solution for the 2D viscous shallow water 
equations. Without loss of generality, we assume that Jiq = 1 and 1^ = 1. Replacing h by 
/i + 1 in (jl.ip , we rewrite (jl.ip as 

hf + divu + div(/in) = 0, 
< ut-{V ■D{u) + Vdwu)+u-Vu-^^{D{u)+divu) + \7h = 0, (3.1) 
^ u(0, •) = uo, h{0, ■) = ho. 

3.1 The linearized system 

In this subsection, we consider the linearized system of (jS.ip : 

ht + V ■ Vh + divn = TC, 

lit - (V • D{u) + Vdivtt) +v ■Vu + \/h = g, (3.2) 
^(0, •) = no, h{0, •) = ho. 

Let us first introduce some definitions. Set 

elit) ^ (1 - e-^^'''')K uuit) = J2 2'^'-'Hel{t) + el{t)), 

k>k 

where c is a positive constant which will be determined later. We remark that 

^kit) < C, for any € Z, 
which will be constantly used in the following. 

Definition 3.1 Let s G R and T > 0. The function space is defined by 

E^ = {f^ 2'mT) X R'^) : < +oo}, 

where 

ll/IU. 4 J]2^^a;,(r)||A,/||^oo(^.). 

k&Z 

Definition 3.2 Let si, S2 € R and T > 0. The function space E^'^^ is defined by 

= {/ G Z'{{0,T) X R-^) : < +oo}, 

where 

fc<0 k>l 

Remark 3.1 If si < S2, then Ef^''^ = E^' n E^\ Otherwise, Ef^''^ = E^' + E^' . 



8 



Let {u,h) be a smooth solution of (|3.2p . We want to establish the following a-priori 
estimates for {h,u): 

h\\L\,iB^) + + \Me°/ 

fcez feez 
+c5]u;,(r)||VAfc?^(t)||^^(i.) + C^..fe(T)||A,7^(t)||i^(i.) 

k>l k<l 

+C\\u\\lUb^)\MlUb^) + C\\h\\^o i\\v\\li m^), (3.3) 



and 



\u 



\l^{BO) + \Ml^0o,1) + II^IIl1,(B2,1) 



<i^o+c(ii7^ii^^(^o,i) + ii^iiL^(BO)+ / v'm\umBo + \\hm^oa)dt), m 

'J 

where V{t) = ll'y(i') IIl1(b2) and 



with 



Elkit) = \\\uk{t)\\l + \\Vhk{t)\\l + {ukit),Vhk{t)), and 
^ZfcW = ^ll^fcWi + + ^KW, V/ifc(t)). 

Let us begin with the proof of (j3.3|) and (j3.4|) . Set 

ufe = Aku, hk = Akh, = AkH, = AkG. 
Then we get by applying the operator to (j3.2p that 
dthk + Ak{v ■ V/i) + divufc = Hk, 

dtuk - (V • D{uk) + Vdivufc) + Ak{v ■ Vu) + Vhk = Gk, (3.5) 
UkiO, •) = AfcUo, hk{0, •) = Afc/iQ. 



Multiplying the second equation of p.Sp by Uk, and integrating the resulting equation over 
R^, we obtain 

^^ll^^fclli + ^llVufells + ^||divufc||2 + {Vhk,Uk) = {Gk,Uk) - {Ak{v ■ Vu),Uk). (3.6) 

In the following, we will deal with the high frequency and the low frequency of /i in a 
different manner. 

High frequencies: k > 1. 
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Firstly, applying V to the first equation of (j3.5p . and multiplying it by V/i^, then inte- 
grating the resulting equation over R^, we obtain 



^^||V/ifc||i + (Vdivufc, V/ifc) = (VT^fc, V/ifc) - {S/Ak{v • Vh),S/hk) 



(3.7) 



Secondly, applying the operator V to the first equation of (|3.5|) and taking the L'^ product of 
the resulting equation with Uk] then taking the product of second equation of (|3.5p with 
V/ifc, we get by summing them up that 



d 



-^(ufc, V/ifc) - lldiv-Ufclla - 2(Vdivnfc, V/ifc) + ||V%||2 
= {Vnk,Uk) + {Gk, V/ifc) - iVAkiv ■Vh),uk)- {Akiv ■ Vn), V/ifc), 
where we used the fact that 

(V • Z?K) + Vdivufc, V/ifc) = 2(Vdiv'Ufc, V/ife). 
Then we get by summing up (|3.6p . (j3.7p x2. and (3.8) that 

+ [l|V/ifc||i + ^llVufclli + ^lldivufcll^ + {Vhk,Uk)] 

{VHk, Uk) + 2(V7ifc, V/ifc) + {Gk, Uk) + {Gk, ^hk] 
-{Ak{v ■ Vu),uk) - 2{VAk{v ■ Vh),Vhk) 
(VAfc(i; • Vh),uk) + {Ak{v ■ Vn), V/ifc) 

i + n + iii + IV. 



(3.^ 



Note that 



1 3 

{uk,Vhk) < -\\uk\\l + ^||V/ifc||2, 

hence, we get by the definition of E^k that 

\{hk\\l + ||V/ifc||2) < Elf, < 2{\\ukg + WVhkWl). 
Similarly, using the fact that §2^ > | and (|3T0]) . we have 

l|V/ifc||2 + ^||Vnfc||i + ^|!divufc||^ + (V/ifc,nfc) > ^eI,,. 



By summing up (j3.9p - (j3.1ip . we obtain 
d 



j^El, + cEl, < C\I + 11 + III + IV\ 



(3.9) 



(3.10) 



(3.11) 



(3.12) 



In order to obtain (j3.3p . we use Lemma |5. II to deal with the right hand terms of (j3.12p . 
Firstly, we get by using the Cauchy-Schwartz inequality and (j3.10p that 



\i\<c{\\\mk{t)\\2 + \\Gk{t)h)Ehk. 



(3.13) 
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From Lemma l5.ll and (|3.1U|) . it follows that 

\II + III + IV\<C{\\Fl{t)h + \\?tm2)Ehk. (3.14) 
By summing up (|3.12p . and (j3.13p - (|3.14p . we obtain 

j^Ehk + cEhk < c(||V7^,(t)||2 + ||^fe(t)||2 + \\Hm2 + ll-^fc WII2) , (3.15) 
which implies that 

\\EHk{t)\\L^ <Ehk{o) + c(^\\vnk{t)h^L^) + ||e^fc(t)||i^(L2) 

+ WHmL^^iL^) + ll-^fc(i)llL^(L2)). (3.16) 

Furthermore, by (|5.4p and (|5.5p . there holds 

^OJk{T) (^\\J^l{t)\\ ^1^^^2) + ||^fc(t)||Ll,(L2)) < C(||u||^2^(5l)||t;||^2(^l) + ||v||Ll,(B2)y 

kez 

Multiplying Wfe(T) on both sides of (|3.16p . then summing up the resulting equation over 
k > 1, we obtain 

Y^uJk{T)\\Ehk{t)\\L^ <Y,^k{T)Ehk{0) 

k>l k>l 

+ C^u;k{T)(^\\Vnkit)h}^(^L^) + \\gkmL^,iL^)) 

k>l 

+ C'(ll''^llL|,(Bi)lbllL2,(Bi) + \\He)^\Hl}^{B^))- (3-17) 

Next, we use the decay effect of the parabolic operators to estimate \\u\\i2 (Bi)nLi (B^)- 
follows from ()3.6p and Lemma 5.1 that 

j^Wukh + c22^||nfc||2 < Ci\\\7hkit)\\2 + WGkimL^ + |I^(t)||L2), 
which implies that 

hkh < e-^*'"ll^fc(0)||2 + Ce-^*''' *t (||V/ifc(t)||2 + WOkitMh + W^k^h), 
where the sign * denotes the convolution of functions defined in R^, more precisely, 

Jo 

Taking the norm for r = 1,2 with respect to t, we get by using the Young's inequality 
that 

IMl^l^) < C2-2^/'-e^,(r)(|Infc(0)||2 + |lV/i,||i^(i.) + WOkhUL-) + W^k^iL^)) , 
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which together with (j5.5|) imphes that 



k>l k>l 

+ C^u;kiT)(\\Vhk\\Ll,i^L2) + ll^fc|lLi,(L2)) +C'lkllL2,(Bi)!kllL2,(iJi), (3.18) 
k>l 

where we used the fact that 

eliT) + el{T)<MT). 
On the other hand, it fohows from (j3.15p that 

\\Ehkh < e-^'EhkiO) + Ce-'' *t (||V?^fc(t)||2 + \mt)h + WH^U + W^'k^U] 
Taking the norm with respect to t, we get by using the Young's inequahty that 

WEhkh}, < C{1 - e-^^)i?M(0) + C(l - e-=^)(||V?^fc(t)||i^(^.) + \\gk{t)h}^(L^) 

+ \\HmL},iL^) + \\^kmLUL^))- (3.19) 
Note that for A: > 1 

1 _ e-rf < 1 _ e-'=*22'= ^ ^^^^^^ 
which together with (j3.19p and Lemma |5 . 1 1 gives 

WEhkh}, <CY,MT)Ehk{0) + CY,^k{T)(\\Vnk{t)h)^^L2) + ||afc(t)||L^(L2) 

k>l k>l k>l 



+ C'(IKIlL2,(Bi)lbllL2,(iJi) + \Me^\Hl^^{b^))- (3.20) 
Plugging (^7IU\i into (IHT^ . we obtain 



fe>l 



< c^wfc(r)ii;;,,,(o) + c j;^fe(r)(||V7^fc(t)||^^(^2) + Ha^wiiL^cL^) 

A;>1 A;>1 
+ '^(ll«llL2(Bi)||T^||L2^(iji) + \\h\\E^\\v\\Li,(B2))- (3.21) 

On the other hand, in order to obtain (|3.4p . we use Proposition 12.41 to deal with the right 
hand terms of H^THh . Applying (^1^ with = S2 = to //, (IXTB|) with si = 0, S2 = 1 to 
///, (I2J8]) with ti=t2= 0, si = 0, S2 = 1 to IV, we obtain 

\II + III + IV\ < CEhkakV'{m\u\\BO + \\h\\^o,i), (3.22) 

with ^Ofc < 1 and V{t) = |lv(f )ilLi(iJ2)- From (l3l^ and (l3:22]) . it follows that 



kez 



j^Ehk + cEhk < c(||VHfc(t)||2 + \\Gk{t)h + akV'{t){\\u\\BO + ||/i||5o,i)) , 
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from which, a similar proof of (j3.2ip ensures that 



k>l 



k>l 



+Ci\\nLUBO,i) + \\Q\\LUBO)+ / V'm\u{t)\\BO + \\h{t)\\go,.)dt]. (3.23) 



Low frequencies: k < 1. 

Multiplying the first equation of ()3.5p by h^, we get by integrating the resulting 
over that 

^^ll^lli + idivuk,hk) = (Hkjhk) - {Akiv ■ Vh),hk). 
Summing up ([MD, dSSD x i and I^M), we obtain 



d 
di 



l + l\\hk\\l + ^iuk,Vhk) 

^\\Vhk\\l + ^||Vufc||2 + y lldivufclla - ^(Vdivn^, V/ifc) 

1 



{VHk,Uk) + {'Hk,hk) + {Qk,Uk) + -{Qk^hk] 

- • Vu),Uk) - {Ak{v • V/i), hk) 

- I \{VAk{v ■ Vh),Uk) + (Afe(w • Vu), V/ifc) 

O - 

I + 11 + III + IV. 



Note that 2^= < 1, we get by the Cauchy-Schwartz inequality that 
1 3 11 

-(Ufc, V/lfe) < — ||nA;||2||/ifc||2 < -^\\Uk\\l + ^||^fc||2> 

hence, we get by the definition of Eik that 

1 
4 

Similarly, we can prove 



l + \\hk\\l)<Ef,<2{\\ukg + \\hk\\l). 



^(Vdivufc, V/ife) < ^||Vnfc||2||V/ifc||2 < ^WVukWl + ^WVhkWl 
4 5 lU lU 

which together with (|3.26p implies that 

Iw^hkWl + ^llVufell^ + ^lldivufclll - ^(Vdivufe, V/ifc) 
>^2'H\\nkg + \\hk\\l)>^^2''El. 



By summing up ()3.25p - (|3.27p . we obtain 

d_ 

dt 



^Efk + c2^''Efk < C\I + 11 + III + IV\. 



equation 
(3.24) 



(3.25) 



(3.26) 



(3.27) 



(3.28) 
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In order to obtain (j3.3p . we use Lemma 5.1 to estimate the right hand terms of (j3.28p . 
Using the fact that 2^ < 1, we get by the Cauchy-Schwartz inequahty and (|3.26p that 

\I\<Cmk{t)\\2 + \\Qk{t)h)Eik. (3.29) 

Using Lemma 5.1 and (j3.26p . we have 

\ii+in+iv\ < c{\\Fi{t)h + \\Hm2 + wPdtmEik. (3.30) 

By summing up ()3.28p - (j3.30p . we obtain 

jEik + c2'''Eik < c{\\nu{t)h + \\Qk{t)h + WHmh + \\^k{t)h + W^kmh) , 

which impUes that 

Eiu < e-^2-*i7;^,(0) +Ce-^2-i {\\nk{t)h + \\Gk{t)h + \\H{t)h + Il-^°(i)ll2 + ll^fc°(t)l|2) • 
Taking the U norm with respect to t, we get by using the Young's inequahty that 
\\Eik\W^ < C2-^''''^el{T){Eik{Q) + ||7^fc(t)||i^(^.) + \\Qk{t)\\L},iL^) 

from which and Lemma 5.1, it fohows that 

Y,^k{T)\\Eik\\L^ < C^u;k{T)Eik{0) + ^MT)mkmL}^^L^^ + ||^fc(t) I1l^(l2)) 

k<l k<l k<l 

+c{\\u\\lI(b^)\\v\\l^b^) + ||/ibo,i||t;||ii^(52)), (3.31) 

and 

J](22^||S,,|L^+2^||i?,,||^^) 

fc<i 

< CY,MT)EikiO) + Y,^k{T)mk{t)\\mL^) + ||^fc(t)L^(L2)) 

fe<l k<l 

+ C'(||^^IIl2{bi)II^IIl2(bi) + \\He°/\Hl\,(b^))- (3.32) 

On the other hand, in order to obtain (j3.4p . we use Proposition 12.41 to deal with the right 
hand terms of iK28\\ . Applying (12171) with = S2 = to II, (ICTTP with si = 0, S2 = 1 to 
(12191) with ti = t2 = 0, si = 0, S2 = 1 to IV, we obtain 

\II + III + IV\ < CEikakV'miuWso + ||/i||5o,i), (3.33) 

with ^afc < 1 and V{t) = \\v{t')\\^(^^2y From (13321) and (13361) . it follows that 
fcez 

j^Eik + c2'^Eiu < C(||7^,.(t)|l2 + WGkitm + akV'm\u\\BO + \\h\\j^o,i)), 
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from which and a similar proof of (|3.21|) ensure that 

k<l k<l 





The completion of the a-priori estimates 

Firstly, adding up (|3T7D . ([MI]), ([MI]), and (|3:32]) yields that 



keZ feGZ 

k>l k<l 

+C\\u\\L2 mi)\\v\\LnB^) + C\\h\\^o.i\\v\\Li m^), (3.35) 



where we used the fact that 



l^lbi, < C\\h\\^o.i. 



On the other hand, adding up (j3.23p and ()3.34p gives rise to 

\\u\\l^(BO) + II^IIl5?(5o,i) + II^IIli,(B2,1) 

<i?o + c(||W|li^(5o,i) + lie|lL^(BO)+ / V'm\u\\BO + \\h\\go,i)dt), (3.36) 



which together with the Gronwall inequality implies that 

II'"IIl2?(B0) + II^IIloo(5o,i) + 11^ 



C\\v\ 



(BOA) ^ ll"'llLi,(B2,i) 



< Ce "^t(^^) [^Eo + 11^11,^^(50,1) + WQWl^bo) ) . (3.37) 
Finally, let us remark that 

Eq ~ (||/ioI1bo,i + ll'"oll_Bo). 

3.2 The uniform estimate of the approximate sequence of solutions 

In this subsection, we will construct the approximate solutions of (j3.ip and present the 
uniform estimate of the approximate solutions. Let us first define the approximate sequence 
(/i",M")„£N of ()3.ip by the following system: 

5tn"+i - (V • Z)(n"+i) + Vdivn"+i) + ■ Vn"+i + V/i"+^ = 

(o.ooj 

(/i-+\n"+^)|t=o= ^ A,(/io,no), 

\k\<n+N 
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where 

rr = -/i"divu", a" = ^-^Vu", with W = DivJ") + divn", 

and is a fixed large integer such that 

l + /i"(0)>^, for n>l. 

Set {h^ ,v?) = (0, 0) and solve the linear system, we can define (/i", M")nGNo by the induction. 
Next, we are going to prove by the induction that there exist positive constants rj, K, and T 
such that the following bounds hold for all n G Nq: 

l + /i">^, (3.39) 
ll«"llL^(ij2)nLi.{Bi) + 11^" l!^"'! ^ ^' (3-40) 

II-W^IIl-CBO) + ll^"llL-(B0.i)nLi,{B2>i) ^ -^-^O- (3-41) 

Assume that (fH^OD - ffOTT) hold for (/i", u"), we need to prove that (ICTD - dOTD also hold for 
(/i""^"^, n"+^). Applying the a-priori estimates (I3.35P and (I3.37P to (/i"^^, n"^"^), we obtain 



fcGZ fc>l 



fc<l 

+C\\h-^'\\^oM\u^LUB^), (3.42) 



and 



M) 

< Ce^""""^^<-^' (i?o + ll^"lli^(BO,i) + lie"llL^(BO)) , (3.43) 



with 



QoiT)^Y.u;k{T)EkiO). 
kez 

Thanks to ([TI]) . we have 

||H"bo < C||/i"||Bo|ln"|lB2, and ||7^"||bi < ||n"||B2, 
which together with the fact that B^'^ = n yields 

||7^"||^^(5o,i) < C|1^"IIl5?(5o,i)II^"IIl^(b2) < CKEov. (3.44) 

We rewrite t?" as 

V/?" ~ / /?" \ ~ 

-Vn" = (l + nV Vn". 



1 + /i" ' ' V 1 + /i 
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Using (123D and (IXT^ . we get 



< C(l + ||/i"'||l5?(L°=))^II^"IIl5?(B1)(1 + ll^"llL5f(Bi))lh"llLi,(B2) 

< C(l + ||/i"'||^op(jjo,i))^ll^"||L^(Bi)||'""|lLi,{B2) 

< C/^-Eo(l + KEofrj. (3.45) 



Plugging dOD) and ([05]) into (fOSl) yields that 



II«"+'||l-(bo) + I|/i"+'|Il5?(5o,i) + I|/i"+'IIl^(52,i) < Ce^^i^Eo + KEoil + KEofT]). (3.46) 
We take T,r] > small enough and K = AC such that 

e^''<2, K{l + KEQfr^<l, (3?i) 
from which and (j3.46p . it follows that 

11^"^^ 1 1 L- (BO) + II^"^^IIl5?(BO,i) + II^"^1li,(b2,1) < KEq. 



This proves (l3:iT|) for (n"+^/^"+l). 

Next, we prove (IS^lQl) for (ti"+\/i"+^). Applying Lemma [52] with si = and S2 = 1, 
()2.4p with si = S2 = 1, and Lemma 15.41 with s = 1, we obtain 



< C(l + \mL^^L^)Y\mE.^{l + ||/l"||L5?(Bi))l|n"llL^(B2) 

< C(l + ||/l"||ioo(50,l))^||/l"bo,l|In"|[il^(B2) 

<C(l + i^Eo)V- (3.47) 
On the other hand, we apply Lemma 5.2 with si = 0, S2 = 1 to get 

^k{T) II V7^^(t) iii^(^2) + uk{T) m (t) ii^^(^.) 

k>l k<l 

< CY^kimiVhUL^iL'^) + l|/i^llL-(L2))||div«"||^^(Bi) 
fcGZ 

+C^a;,(r)22^'||<||^^(^.)||/.ni^oo(5o,i) 
fcez 

^I + II. 

Obviously, we have 

/<C||/i"||^M||tx"||,.^(B2)<C7?2. (3.48) 
In order to estimate //, we first fix fco > 1 such that 

k>ko 
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Then we write 

k>ko fc<fco 
^ Ih + Ih- 

Using (I23SD, (I33ZI), and ([232]), we obtain 



Ih < CKE^[Y, ^fc(r)||nfc(o)||2 + Yl ^fc(^)(llv^^llL^(L2) + liar^lL^ 



fc>A;o 

+ lh"llL2,(Bi)ll^i"~"^llL2(iJi) 



k>ko 



< CKEn 



V 



16CKE0 



(3.50) 



k>ko 



On the other hand, thanks to (|3.19|) and Lemma |5. 11 we have 



k>kQ 



k>ko 



i{L2) 



k>ko 



+ Ch"llL2(Bi) 



,n-l| 



n-li 



< C(l - e-^^)£;o + C{1 - e-''^)KEov + C{1 + KEo)W, 



where we used p.44p and (j3.47p in the second inequahty. Plugging the above inequahty into 
([^30]) yields that 



Ih < CKEq 



V 



+ (1 - e-^^)(So + KEov) + (1 + KEo)''r] 



4^2 



.I6CKE0 

Note for k < ko, we can choose T > small enough so that 

1 



IGCKEoT]' 



so we get 



(3.51) 



(3.52) 



Plugging (I327D, i^M), (|33TD . (I332D into (102]) . we get 



77 



< CQo{T) + 1 + C{1 + KEofv' + CKEoil - e-^' ){Eo + KEov) 
+Cr?(||n"+i^.(5.) + ||/i"+i||^o,i). 



(3.53) 



Note that Qo{0) = 0, we can take T,r] small enough such that 

Cr?<i CQo(r)<|, C{l + KEof7i<^., 



and 



CKEoil - e-'=^)(Eo + KEov) < 



V 
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which together with (j3.53p gives 

If IIli,(b2) + If + 11^0,1 <r?. 

Finahy, let us prove (|3.39|) for We rewrite the first equation of (|3.38|) as 

dt{\ + + -u" • V(l + + div'u"+^ - = 0. 

Then 1 + hiP'^^ can be represented as 

Jo 

+ f 7e{T,rA{r)T\mdT, (3.54) 







where the flow map ip^ is defined by 

\ V'rii=o = X. 

Thanks to the inclusion map ^ L°° and (j2.4p . we get 



|7^"(r,V'.(Vr'(x)))lloodT < ||™vn"||^i(5i) 



from which and (|3.54p . it follows that 



1 + > ^ - (1 + CKEo)ri. (3.55) 



We take r/ small enough such that 



[l+CKEo)7^<^, (^4 



which together with p.55p ensures that 

- 2 

So far, we have show that T, r/ can be chosen small enough such that the assumption (^fti) — 
(K4) hold under which the approximate solutions {u"', /i")ngNo is uniformly bounded in 

St= (L??(B°)nL^(B2)) X (L??(B°'i)nL^(52'i)). 

It should be pointed out that if UnoUso + H/ioll^o,! is small enough, we can take T = +00 
such that the assumption (S^i) — {^4) hold. 
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3.3 The existence of the solution 

Now let us turn to prove the existence of the solution, and the standard compact arguments 
will be used. In the section 3.2, we have showed that the approximate solutions (/i"',u")„gN 
satisfy ()3.39p - (|3.4ip . and without loss of generality, we can assume the following: 

l + /i'">i, (3.56) 
l|w"llL5?(i30)nLi,(B2) + ll^"llL5?(BO>i)nLi,(B2.i) - ^^0- (3-^'') 

Using the interpolation and the fact that n = i?"'^, we have 

I i i 1 

„ < llf,"l|2 Il^"n2 IU,"II „ < IU,"I|2 IU,"I|2 

II 13 

n II 4 



1 <ll/)"l|2 ll/7"l|2 ||7,"|| . < ll?;"!!* Ill/' ,, 

II" llL4(i32) ~ ll'' IIl-{bo,i)II'^ H^iB^y II" ll4(Bi)~" II^t(s'')I' 
from which and (j3.56p . it follows that 



ll^"llA2fnn + ||U"|^2,B1^ + ll/i'^ll , 1 +||n"|| 4 3 <KEo. (3.58) 
II IILy(B ) -r II |ILj,(B ) -r II 11^4 (5,) ^ II H^K^I)- ^ ^ ^ 

1 1 I 

Now, we show that (/i",u") is uniformly bounded in Cj^^^{B^) x C^^^^B^^). Using p.4p . 
(j3.57p and (|3.58p . it is easy to verify that 

• V/i"+i||^^(50) < ||n"||i^(5i)||/i"+i^^(5o,i) < (^^o)^ 



I ^"divu" 11^2^(50) < ||n"||i2^(Bi)||/i"||^^(5o,i) < (i^^i 



\2 



from which and the first equation of ()3.38p . it follows that dth^ is uniformly bounded in 

L'^(B^) which implies /i" is uniformly bounded in C^^J^B^). On the other hand, thanks to 
(12^ . (|336D and (|2J2D . we have 

V-u^+^ll 4 1 < ||^i"||L-fBO)||n"+i|| 4 3 <{KEof, 



1 + 



, ^ <C(l + ||/."||i«=(5i))3|In"|| 4 3 <C(l + i^i?o)='i^^o, 



from which and the second equation of (j3.38p . it follows that dfu"^ is uniformly bounded in 
Lj,{B 2) which implies is uniformly bounded in C^^^^^B 2). 

Next, we claim that the inclusions B^ n B^ ^ and B~^ n B^ ^ are locally 

compact. Indeed, these can be proved by noting that for s' < s, n ^ is locally 
compact and for s £ Ti, B^ ^ H'^. Then, by the Arzela-Ascoli theorem and Cantor's diagonal 
process, there exist a subsequence (li"* , h'^'= ) and a function (n, h) such that 

(^".,/i".)^(^,/j) in CiociKob^CiociLl,), (3.59) 

as rifc — s- cxo. On the other hand, ('u"*,/i"*) is uniformly bounded in fy, then there exists a 
subsequence (which still denoted by (u"'', /i"''=)) such that 

(n"\/i"'=) ^ (n,/i) in ^t, 
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where " ^ " denotes weak* convergence. 

Finally, let us prove that {u, h) solves (jl.ip in the sense of distribution. We only need 
to prove the nonlinear terms such as • Vh^, j^^" Vn", etc tend to the corresponding 
nonlinear terms in the sense of distribution. This can be done by using the uniform estimates 
of {u,h) in St and the convergence result (I3.59p . Here, we only show the case of 

the term Y{h'^)Vu"' (where Y{z) = Vz/(1 + z)), the other terms can be treated in the same 
way. For any test function 9 G C^{[0,T*) x R^), we write 



(y(/i")Vn" - Y{h)Vu, 9) 



'l + K' 



■)v(- 



h 



V-u", 9 



+ /i" l + h 



1 + hJ 



Thanks to (12. 4p and (I3.56p . we have 
^(/i" - h) 



h < 



< 



V((l + hnVu^9)\\2 < \\9{h^ - h)\\2\\{l + /i")Vn"bi 



\\9{h''-h)Ul + \\h^f^,,,)\\u 



where G Cq°{[0,T*) x R^),and ^ = 1 on supp0. For I2, we have 



/2<||0(/i"-/i)lk 



V 



h 



.1 + ^. 

< \\e{h^-h)\\2\\h\\^,Ju^B^. 



< 



10(/l"-/l)||2||V/l||2||Vw" 



Using ()3.56p and the interpolation, we get 

h 



h < 



(l + /i)V 



l + h 



V(^^" - U)9\\2 < (1 + ||/l||oo)||V/l||2||K - U 



< (i + I|/i|Iro,i 



51 llu — ti 



3 

1 5 I 

i/2l 



Thus, by (|3.59p . we get as n ^ 

(y(/i")Vn" - Y{h)Vu, 9) 



0. 



Following the argument in ^llj, we can also prove that (u, h) is continuous in time with values 
in X ^O'l. 



4 Uniqueness 

In this section, we will prove the uniqueness of the solution. Firstly, let us recall some known 
results. 
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Lemma 4.1 (Osgood's lemma) Let p be a measurable positive function and 7 a positive 
locally integrable function, each defined on the domain [tQ,ti]. Let fi : [0, 00) [0, 00) be a 
continuous nondecreasing function, with /u(0) = 0. Let a > 0, and assume that for all t in 
[to,ti], 



I to 

If a > 0, then 



p{t)<a + [ ^{T)p{p{T))dT. 



-Mip{t)) 



+ M{a) < / ^{T)dT, where M{x) = 

J to J X 



' dr 
X l^ir)' 



If a = and A4 = 00, then p = 0. 



This Lemma can be understood as a generalization of classical Gronwall Lemma and can be 
found in [8]. 

Proposition 4.2 Let s G (— -, 1 + -), and 1 < p,r < +00. Let v be a vector field such that 

d 

Vv G L\,{B^^r n Assume that fo G B^^r, 9 ^ L^{B^,r) and f G L^{B^ .,) n C([0,T];5') 

is the solution of 

(dtf + v-Vf = g, 
\f(.0,x) = fo. 

Then there exists a constant C{s,p, d) such that for t G [0, T] 







p.r 



where V{t) = ||Vu(t)|| d dr. Ifr < +00, then f belongs to C{[0,T]; B^ ,. 



The proof can be found in |15j . 

Proposition 4.3 Let T > 0, s G R, and I < q,r < +00. Assume that uq G -B| , 5 G 



2,g' 

nnri 'ji 4 q ihfi Qnhiiinn nf 



L}p{B2 „) and u is the solution of 



dtu — vAu = g, 
u{0,x) = no, 

where Au = V • D{u) + V divu. Then there exists a constant C{s, d, u) such that 



feez 



If q < +00, then u belongs to C([0, T]; i3| 
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The proof is similar to the case when the diffusion term Au is replaced by Au. We can refer 
to [9j see the details. 

Now we introduce the logarithmic interpolation inequality (see |14| ) 



Proposition 4.4 For any 1 < p, p < +00, s G R and < e < 1, we have 



(4.3) 



Now, let us prove the uniqueness of the solution of (|3.ip . Let {ui, hi), {u2, /12) G [L^{B^)ri 
L].{B^)) X Lf{B^'^) be two solutions of with the same initial data. The difference 

{} = h2 — hi, w = U2 — ui satisfies the following system: 



' dt'd + U2 ■ Vt? = — divtM — wVhi — ■ddivu2 — hidvvw, 
dtw — uAw = —V'd — U2 ■ Vw — w ■ Vui + v{l + /ii)V 



l + hi 



Vw 



+ v{l + hi 



^t?(0,x)=0, w{0,x)=0. 



(4.4) 



Without loss of generality, we assume that there holds for sufficiently small T 

l + hi>^, 
11^0,1 < e, 



(4.5) 
(4.6) 



where e > is small enough. Applying the Proposition 14. 21 to the first equation of (j4.4p yields 



\W{t)\\BO < [ e^^^^'^^^-^^^^'>^\\wVhi + Mwu2 + hidww + dww\\r,o dr, 

2,00 J Q 2,00 

withy2(t) = /o llVnall ^1 f-^ioodr. It follows from (|2.5p with s — that 



(4.7) 



^2,00 
-^2,00 



< 


\Vhi\ 


-°2,oo 


w\\ 


< 




11^2 

00 




< 


divit; 


2,00 


\hl 



^lllfii ^ IkllBill^lllBi; 



where we have used B^^. Plugging the above estimates into ()4.7p . we get 



< / e^(^2W-^^W)h|^«bi(l + ||/iibi) + 



Ifio II^2||b2 



dr. (4. 



Recah that G L^{B^), we can take a T G (0, 00) small enough so that 

c||^2|Ili,(b2) < -, 
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which together with (j4.8|) imphes that for t <T 

II^IIl-(BO^) < lkllLi(iJi)(l + II^iIIl-(BI))- 

Applying (j4.3p to the term llwH^ij-gi-) yields 



(4.9) 



Thanks to B" ^ 13^^ and 5°'^ S^, we have 



(l + l|/ii||L-(i?i))- (4.10) 



< |lu;||jj(^.^)log(e + 



W{t) 



\w\ 



(4.11) 



with 



and for finite t, W{t) < +oo. 

Next, we deal with the second equation of (j4.4p . We get by applying (j2.7p with s = 1, 
s = respectively that 



(4.12) 
(4.13) 



We can deduce hi G C(0, T; R^) (i = 1, 2) from the fact ^ C. Moreover, due to (jM]), we 
can assume hi{t,x) + 1 > for all t < T, x € R^. Since hi, /i2 have the same initial data, 
from the continuity of /12, there exists a T < T such that 

/i2(x, t) + l>6, for all t £ [0,f], xeK^ . 

It follows from ([MD with s = 1, (I233D and ^ B^ ,^ D L°° that 

/l2 /ll 



(l + /ii)V 



< 



< 



1 + /l2 1 + /il 
/l2 



(l + /ii)V 



VU2 

hi 



B.7 



(l + ll^ 



1 + /l2 1 + /ll 
/l2 /ll 



I|V^2|| 



1 + /l2 1 + /ll 



2,00 



B2 



< (1 + ||/llbi)(||/llbi + \\h2\\B^)m\B0 \W2\\b^, 

2,00 



which together with L\{B2 ^) C L\{B2 ^) yields 

/l2 /ll 



(l + /ii)V 



1 + /l2 1 + /ll 



Vn2 



< 



(1 + ||/li|bi)(||/ll||Bi + ||/l2||Bi)||l?||nO \\u2\\B^dT. 



(4.14) 
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Thanks to (gSD, (ITOIl . and L]{B^^'^) C L}{B^^'^), we get 

h2 



t9V 



1 + /12 



VU2 



< 



^2,00 



ll^2||iJi||^^2|b2dT. 



(4.15) 



Thanks to Lemma 5.3 with si = S2 = 0, Lemma 5.4 with s = 1, and ()2.5p with s = 0, we 
have 



supcufc(t)2-'= Afe((l + /ii)v(-|^ 
fcez ^ Vl + fti 



< 



< 



< 



V 



||(l + /ii)V«;||r 



) 



hi 



E} 



(1 + ||/ii||L-(Bi))l|Vu;||ji(^o 



11^0,1(1 + ||/il|!ic«(5o.i)) 

In terms of Proposition 4.3, (j4.12p - (j4.16p and B^'^ ^ B^, we finally obtain 

<lk2||L?{Bi)II^^IIZ?(B0^) + II^iIIl?{B1)II^IIz?(B<>^) 

+ ll^ibo.i(i + II^iIIl-{5o,i))^II^IIzi{bi_^) 

+ / (1 + II^iIIbo,i)(1 + ll^illso,! + ||/i2|Ibo,i)(1 + II^2||b2)||^?||^o dr. 

Jo 2'°° 



(4.16) 



(4.17) 



Let us define 



>)■ 



Due to (j4.6p . if T is chosen small enough, then the first four terms of the right side of (j4.17p 
can be absorbed by the left side Z{t). Noting that rlog(e + ) is increasing, from (|4.1ip 
and (jilTj) . it follows that 



Zit)<j\l + W'iT))Z{T)log (e + 
< I\i + W'{t)) Z{t) log (e + 



W{t) 
W{T) 



dT 
dr. 



(4.18) 



It is easy to verify that 



l + i^'(r)GLL(R+) and f 

Jo 



dr 



rlog(e + ^) 



+00. 



Hence by Osgood Lemma, we have Z = on [0, T], i.e. w = then from (14. 9p . ?9 = /i2 — /ii 
0. Then a standard continuous argument gives the uniqueness. 
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5 Appendix 

In this appendix, we prove some multilinear estimates in the weighted Besov space. 

Lemma 5.1 Let A he a homogeneous smooth function of degree m. Assume that — ^ < /O < |. 
Then there hold 

{A{D)^k{vVh),A{D)^kh)\<C\\T]:{t)\\2\\A{D)/^khh, (5.1) 

{A{D)^k{v ■ Vu),AiD)Aku)\ < C\\J^it)\\2\\AiD)Aku\\2, (5.2) 

and 

{A{D)Ak{v ■ Vh), Aku) + {Ak{v ■ Vu),A{D)Akh) 

< C{\\Trit)h + \\^km2) {W^kuh + \\AiD)A,hh), (5.3) 
where J^^{t) and T]^{t) satisfy 

Y,MT)2'^'-'^^\:FrmLUL^) < cm^.jvw^^ . (5.4) 

E2'^''™^ll-^r(i)llL^(L^) < C\\nh.^^^,^,^\\v\\^ (5.5) 
fcez ^ 

Proof. Let us first prove (j5.ip . Using the Bony's paraproduct decomposition, we write 

{A{D)Ak{v ■ Vh), A{D)Akh) = {A{D)Ak{U^,^v^), A{D)Akh) + 4, (5.6) 

where 

Tf9 = Tjg + R{f, g) , and 

Jk= {[A{D)Ak,Sk'-iv^]Ak'djKA{D)Akh) 

fe'-fc|<3 

+ {{Sk'-i-Sk-iyA{D)AkAkSjh,A{D)Akh) 

|fc'-fc|<3 

+{Sk-iv^A{D)Akdjh, A{D)Akh) 
We get by integration by parts that 

{Sk-ivUiD)Akdjh,AiD)Akh) = -^{Sk-idivvA{D)Akh,AiD)Akh). 



Let us set 



^iit)= Yl [MD)Ak,Sk'-iv^]Ak'djh, 

\k'-k\<3 

^2it)= Y iSk'-i-Sk-iyA{D)AkAk'djh, 

\k'-k\<3 

^Ait) = -lSk-idivvA{D)Akh. 
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By the Cauchy-Schwartz inequality, we get 

{AiD)Ak{vVh),AiD)Akh) < \\Trm2\\A{D)Akhh, 



3 



with J^JT'it) = ^ Tjr^{t). So, it remains to prove that satisfies (|5.4p . For the simphcity, 

i=0 

we set _ 

|A;'-fc|<l |fe'-A;|<3 

Thanks to the definition of J'^Q{t) and Lemma |2.H we have 

I|.^oWIIl^(L^) < E '^^"'\\Sk'^ldML^{L^)\\^k'V^\HiL^) 
\k'-k\<3 

fc'>fc-2 
^ / + //. 

Thanks to Lemma l2. 11 we have 

2/=(p-™)/ < E 2'='(i+i)||Afc,/.||^5o(^.)||A,t;|lL^(L2) 
fc'<fc+i 

< E 2('^'-'=)(i+i-^)2'=>||A,,/.||,.(,.)2'=(i+i)||A,.|L.(,.), 

k'<k+l 

from which and the definition of ujf^{T), it follows that 
kez 



< E 2'='n|A../.|U5,(,.) E ^.(T)2('='-^)(^+i-^)2^(^+f)||A,.||,.(^.) 

fc'GZ k>k'-l 

<Y,u^u'{T)2^''\\^k'hU^iL^) E 2('='-'^)(f-^)2^'(i+f)||Afc^||^^(^.) 

fc'GZ k>k'-l 

where we used the assumption p < | in the last inequality. Set (T) = e\ (T) + e| (T) . Using 
Lemma |2.H we also have 



^^iT)2^{p-^)lI<u,{T)2^^P+i) J2 2^'||Afc,/i||ioo(^.)||A,,H|^^(^.) 

k'>k-2 

<2^(P+|) ^ 2'='||Afc,/.||^oc(^.)||A,,T;||^^(^.) E 2-(^-'=)e^(T) 

k'>k-2 k'>k>k 

+ 2^(^+i) ^ 2'='||A,,/.|U^(^.)||Afc,^;||^^(^.) E 2-(^-'=)e^(r) 

k'>k-2 k>k,k>k' 

= III +112- 
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Note that for k < k' 

e~^{T) < ek'{T) <uJk'{T), 
from which and p > — | , we deduce that 



■fc')(p+f) 



keZ k'eZ k<k'+2 

<ME^M,.^,,^,.y (5.8) 

Similarly, we can obtain 



fcez fe'ez k<k'+2 fc>fc/ ^ 

it'ez fc<fc'+2 ^ 



|/i|| pp Ibll , , d , , . (5.9) 



By summing up (|5.7p - ()5.9p . we obtain 

E^.(T)2'^(''-)||^,™o(i)llL^(L^) < (5.10) 
feez 

Note that A(D)Afc = 2^'^^{2-^D) with .^(^ = A(0¥'(6- Set 6* = J^^V, we get by using 
the Taylor's formula that 



\k'-k\<3 

from which and Lemma |2.H it follows that 

ll-^M(*)llLHi^)^2'=(— 1) E l|5fc'-iV^;^||z.^(ioo)||Afc,a,-/ikoo(^,) 

|fc'-fc|<3 
jA:'-fc|<3 ^ 

thus, we get 

Eu;fc(T)2'=(^-)||^i(i)||^^(^.) < . (5.11) 

feez ^ 

Thanks to the fact \k' — k\ < 3 and Lemma |2.H we have 



||(5fc,_i - S,_i)^^A(Z))A,Afc,a,-/i|l^i (^.) < 2'=-||Afc/i||ioo(^.)||^; 



from which, it follows that 

Y.MT)2''^'-'^\\\J^,{t)hr^^^.^ + \\T^,^^^^^^ (5.12) 
fcez 
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which together with ([^TTU]) and ([^TTT|) yields ([53D. 

Using the decomposition (j5.6p with h instead of u and Lemma I2.H (|5.2p can be easily 
proved. We omit it here. In order to prove (|5.3p . we use the decomposition 

{A{D)Ak{v-Vh),Aku) + {Ak{vVu),A{D)Akh) =Ik + Jk, 

with 

4 =(^(D)Afc(r4.;,^;^),Afcn) + {Ak{%y), A{D)A,h) 

^J^o(.t),^kn) + {Pk,o{t),A{D)Akh) 
Jk= Yl {[MD)Ak, Sk'-iv^]Ak'djh, Akuj + (^{Sk'-i - Sk-i^ A{D)AkAk>djh, Akuj 

\k'-k\<3 

+ Yl {i^k, Sk'-iv^]Ak'djU, A{D)Akh}j + (^{Sk'-i - Sk-i^ AkA^djU, A{D)Akh^ 

|fc'-fc|<3 



Sk-id\-vvA{D)Akh, AkU^ 
Hj^,{t),A,u) + Afet.) + {j^l,{t),A{D)Akh) + {^,^„A{D)A,h) + (.F,™3(t), A^n), 

from which, a similar proof of (j5.4p gives (j5.3p . This completes the proof of Lemma l5.1i ■ 



Lemma 5.2 Let si < ^ — 1, S2 < ^, and si + S2 > 0. Then there holds 

YMT)2'^''-'''-'^^\mfg)\\LUL^^<cYMT^^^^^^ (5.13) 

fcez fcez 
where 1 < ri , ro < oo and — + — = 1. 

Proof. Using the Bony's paraproduct decomposition, we write 

Afc(/<?)= 5^ Afc(5fc,_i/Afc.5) + Yl ^k{Sk'-igAk'f) 

|fc'-fc|<3 |fe'-fc|<3 

+ Y ^kiAk'fAk'g) = 1 + 11 + 111. 

k'>k-2 

A similar proof of (j5.7p ensures that for si < ^ — 1 

fcez fcez 

while // can be directly deduced for S2 < f . On the other hand, a similar proof of (15. Sh and 
()5.9p gives for si + S2 > 

5;^fc(r)2'=(^^+^-i)||m||^^(^.)<^^,(r)2'^^M|Afc/|lin(^.)lblL^.(5..). 

fcez fcGZ 
This completes the proof of Lemma 15.21 ■ 
Similarly, we can also prove the following lemma. 
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Lemma 5.3 Let si < i — 1, S2 < i and si + S2 > 0. Then there holds 



2 ^; ^ 2 



Lemma 5.4 Let s > 0. Assume that F G w/^y^'°°(R'') with F{0) = 0. T/ien there holds 



\\F{f)\\E^ < C{1 + \\fh^iL^)rn\fH- (5.15) 
Proof. We decompose F{f) as 



fc'ez 



where m/;/ = Jg^ F'{Sk'f + rAfc//)(fr. Furthermore, we write 

Afci^(/) = E Afc(Afc,/mfcO + ^ Afc(Afc,/mfcO + 
fe'<fc fc'>fc 

By Lemma l2.H we have 

II-^IIl5?(l2) < E l|Afe(Afc'/mfc')||Loo(^2) 
fc'<fe 

< J^2-'=H sup ||I?^Afe(Afc,/mfcOllL-{L2), (5.16) 

fc'<fc ItI=I"I 

with a to be determined later. Note that for I7I > 0, we have 

P^rn,,||oo < 2'='H(1 + ||/|U)l^l||i^'|lvKH.-, 
from which and (j5.16p . it fohows that 

2'1|/||l^(l2) < 2'^^^-l"l^ E 2'='l"l||Afe,/||i5o(^.)(l + |l/|k5?(Loo))l°l||Fl^^|.|,^, 

fc'<fc 

thus, if we take \a\ = [s] + 2, we get 

j;^,(r)2'=^||/||^5o(i.) 

fcez 

fc'ez fc>fc' 
< (1 + ll/llL^(Loo))W+^||F'||^„-,..^||/|b. . (5.17) 

Next, let us turn to the proof of //. We get by using Lemma 2.1 that 

^ E l|Afc'/llL5?{L2). 
fc>fc' 
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Then we write 

Y,MT)2''\\II\\L-iL-)<J2^''J2\\^'^'f\\L¥ii^') E 2-(^-^)e^(T) 

fcgZ fesZ k'>k k'>k>k 

fceZ fe'>fc k>k',k>k 

from which, a similar proof of (jS.Sp and (|5.9p ensures that 

J].;,(r)2'=^||//||ioo(^.)< ll/ll^j. (5.18) 
fcez 

By summing up (|5.17|) and (|5.18|) . we deduce the inequahty (|5.15|) . This completes the 
proof of Lemma [57 
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